Abstract. In this paper, we introduce principally δ-lifting modules which are analogous to δ-lifting modules and principally δ-semiperfect modules as a generalization of δ-semiperfect modules and investigate their properties.
Introduction
Throughout this paper all rings have an identity, all modules considered are unital right modules. Let M be a module and N, P be submodules of M . We call P a supplement of N in M if M = P + N and P ∩ N is small in P . A module M is called supplemented if every submodule of M has a supplement in M . A module M is called lifting if, for all N ≤ M , there exists a decomposition M = A ⊕ B such that A ≤ N and N ∩ B is small in M . Supplemented and lifting modules have been discussed by several authors (see [2, 4, 6] ) and these modules are useful in characterizing semiperfect and right perfect rings (see [4, 7] ).
In this note, we study and investigate principally δ-lifting modules and principally δ-semiperfect modules. A module M is called principally δ-lifting if for each cyclic submodule has the δ-lifting property, i.e., for each m ∈ M , M has a decomposition M = A ⊕ B with A ≤ mR and mR ∩ B is δ-small in B, where B is called a δ-supplement of mR. A module M is called principally δ-semiperfect if, for each m ∈ M , M/mR has a projective δ-cover. We prove that if M 1 is semisimple, M 2 is principally δ-lifting, M 1 and M 2 are relatively projective, then M = M 1 ⊕ M 2 is a principally δ-lifting module. Among others we also prove that for a principally δ-semiperfect module M , M is principally δ-supplemented, each factor module of M is principally δ-semiperfect, hence any homomorphic image and any direct summand of M is principally δ-semiperfect. As an application, for a projective module M , it is shown that M is principally δ-semiperfect if and only if it is principally δ-lifting, and therefore a ring R is principally δ-semiperfect if and only if it is principally δ-lifting.
In section 2, we give some properties of δ-small submodules that we use in the paper, and in section 3, principally δ-lifting modules are introduced and various properties of principally δ-lifting and δ-supplemented modules are obtained. In section 4, principally δ-semiperfect modules are defined and characterized in terms of principally δ-lifting modules.
In what follows, by Z, Q, Z n and Z/Zn we denote, respectively, integers, rational numbers, the ring of integers and the Z-module of integers modulo n. For unexplained concepts and notations, we refer the reader to [1, 4] .
δ-Small Submodules
Following Zhou [9] , a submodule N of a module M is called a δ-small submodule if, whenever M = N + X with M/X singular, we have M = X. We begin by stating the next lemma which is contained in [9, Lemma 1.2 and 1.3].
Lemma 2.1. Let M be a module. Then we have the following. (2) ⇒ (1) Let N be a maximal submodule with m ∈ M \ N and M/N singular.
We have M = mR + N . Then mR is not δ-small in M .
Let A and B be submodules of M with
it is δ-cosmall submodule of B. Equivalently, for any submodule C ≤ A with A/C is δ-small in M/C implies C = A and B/A is δ-small in M/A. Note that δ-coclosed submodules need not always exist. 
Principally δ-Lifting Modules
In this section, we study and investigate some properties of principally δ-lifting modules. The following definition is motivated by [9, Lemma 3.4] and Lemma 3.4. 
n is a principally δ-lifting module.
Lemma 3.4 is proved in [7] and [9] .
Lemma 3.4. The following are equivalent for a module M .
(1) M is finitely δ-lifting.
(2) M is principally δ-lifting.
Let M be a module and Proof. (1) Let K be a direct summand of M and k ∈ K. Then M has a decom-
(2) Assume that M is a principally δ-lifting module and C is a cyclic submodule 
(5) ⇒ (6) Let mR be any cyclic submodule of M . By hypothesis, there exists an
where
mr ∈ eM } and J = {t ∈ R : mt ∈ (1 − e)mR}. Then mR = mI ⊕ mJ , mI = eM
(6) ⇒ (1) Let m ∈ M . By hypothesis, there exist ideals I and J of R such that mR = mI ⊕ mJ, where mI is direct summand and mJ is δ-small in M . Let
Note that every lifting module is principally δ-lifting. There are principally δ-lifting modules but not lifting. It is clear that every δ-lifting module is principally δ-lifting. However the converse is not true. 
is not semisimple as isomorphic to R. So T is not δ-semiperfect by [9, Theorem 3.6]. Hence T is not a δ-lifting module over T . It is easy to show that T /Rad δ (T ) lift to idempotents of T , so T is a semiregular ring. Since T is a δ-semiregular ring, every finitely generated right ideal H of T can be written as H = aT ⊕ S, where a 2 = a ∈ T and S ≤ Rad δ (T ) by [9, Theorem 3.5] . Hence T is a principally δ-lifting module. Proof. For each j ∈ I, let p j : M → M j denote the canonical projection and let i j : M j → M denote inclusion. Then i j p j is an endomorphism of M and hence
One may suspect that if M 1 and M 2 are principally δ-lifting modules, then M 1 ⊕ M 2 is also principally δ-lifting. But this is not the case. We have already observed by the preceding example that the direct sum of principally δ-lifting modules need not be principally δ-lifting. Note the following fact. Proof. Let M = M 1 ⊕ M 2 be a duo module and mR be a submodule of M . By
are principal submodules of M 1 and M 2 respectively, there exist 
Lemma 3.13. The following are equivalent for a module
Proof. See [7, 41 .14] Proof. Let 0 = m ∈ M and let K = M 1 ∩ ((mR) + M 2 ). We divide the proof into two cases:
By Lemma 3.13, there exists a submodule N of mR such that
is a principal submodule of M 2 and M 2 is principally δ-lifting,
Since M 2 is δ-lifting, there exists a submodule
A module M is said to be a principally semisimple if every cyclic submodule is a direct summand of M . Tuganbayev calls a principally semisimple module as a regular module in [3] . Every semisimple module is principally semisimple. Every principally semisimple module is principally δ-lifting. For a module M , we write Rad δ (M ) = {L | L is a δ-small submodule of M }. A nonzero module M is called δ-hollow if every proper submodule is δ-small in M , and M is principally δ-hollow if every proper cyclic submodule is δ-small in M , and M is finitely δ-hollow if every proper finitely generated submodule is δ-small in M . Since finite direct sum of δ-small submodules is δ-small, M is principally δ-hollow if and only if it is finitely δ-hollow. (1) M is principally δ-hollow. 
Applications
In this section, we introduce and study some properties of principally δ-semiperfect modules. By [9] , a projective module P is called a projective δ-cover of a module M if there exists an epimorphism f : P −→ M with Kerf is δ-small in P , and a ring is called δ-perfect (or δ-semiperfect) if every R-module (or every simple R-module) has a projective δ-cover. For more detailed discussion on δ-small submodules, δ-perfect and δ-semiperfect rings, we refer to [9] . A module M is called principally δ-semiperfect if every factor module of M by a cyclic submodule has a projective δ-cover. A ring R is called principally δ-semiperfect in case the right R-module R is principally δ-semiperfect. Every δ-semiperfect module is principally δ-semiperfect. In [9] , a ring R is called δ-semiregular if every cyclically presented R-module has a projective δ-cover. (1) M is principally δ-semiperfect. 
Ker(f ) is δ-small, by Lemma 2.1, there exists a projective semisimple submodule Y
and Ker(g) ≤ mR. (1) R is principally δ-semiperfect.
(2) R is principally δ-lifting. (2) ⇔ (3) By Theorem 3.6 (2), R is principally δ-lifting if and only if for every principal right ideal I of R can be written as I = N ⊕ S, where N is direct summand and S is δ-small in R. This is equivalent to being R δ-semiregular since for any ring R, Rad δ (R) is δ-small in R and each submodule of a δ-small submodule is δ-small.
The module M is called principally δ-supplemented if every cyclic submodule of M has a δ-supplement in M . Clearly, every δ-supplemented module is principally δ-supplemented. Every principally δ-lifting module is principally δ-supplemented.
In a subsequent paper we investigate principally δ-supplemented modules in detail. Now we prove: Hence M is principally δ-supplemented. 
It is routine to check that (nR) ∩ α(P ) = α(Ker(g)). By Lemma 2.1 (2), α(Ker(g)) is δ-small in N since Ker(g) is δ-small. Let x ∈Ker(πα). Then hg(x) = (πα)(x) = 0 or α(x) ∈ (nR) ∩ α(P ). So Ker(πα) is δ-small. Hence P is a projective δ-cover for N/(nR).
Theorem 4.4. Let P be a projective module with Rad δ (P ) is δ-small in P . Then the following are equivalent.
(1) P is principally δ-lifting.
(2) P/Rad δ (P ) is principally semisimple and, for any cyclic submodule xR of P/Rad δ (P ) that is a direct summand of P/Rad δ (P ), there exists a cyclic direct summand A of P such that xR = A.
Proof. (1)⇒ (2) Since P is a principally δ-lifting module, P/Rad δ (P ) is principally semisimple by Lemma 3.15. Let xR be any cyclic submodule of P/ Rad δ (P ). By Theorem 3.6, there exists a direct summand A of P and a δ-small submodule B such that xR = A ⊕ B. Since B is contained in Rad δ (R), xR+ Rad δ (R) = A+ Rad δ (R). Hence xR = A.
(2)⇒ (1) Let xR be any cyclic submodule of P . Then we have P/ Rad δ (P ) =
[(xR+Rad δ (P ))/Rad δ (P )] ⊕ [U/ Rad δ (P )] for some U ≤ P . By (2), there exists a direct summand A of P such that P = A ⊕ B and U = B+ Rad δ (P ). Then P = A ⊕ B = A + U + Rad δ (P ). Since Rad δ (P ) is δ-small in P , there exists a projective and semisimple submodule Y of P such that P = A ⊕ B = (A + U ) ⊕ Y .
Since P is projective, A + B is also projective and so by Lemma 3.13, we have 
